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The aim of this paper is to show the following Theorem: If D is an (r, A)-design (regular 
pairwise balanced design) with a resolution having c classes, then b + 12 u + c. EZquality holds if 
and only if the number of points on two distinct blocks depends only on the classes, the two 
blocks belong to. Resolvable (r, A)-designs with b + 1= u + c are called strongly resolvable. 
Using symmetric block designs we shall construct many strongly resolvable (r, h&designs. 
An (r, A)-design is an incidence structure D = (b, 9, I) satisfying the following 
axioms: 
-Any point of D is incident with exactly r blocks. 
- Any two distinct points are connected by exactly A blocks of 0. 
-There exist at least two blocks, any block has at least two points, outside any 
b!ock there are at least two points. 
Let D = (&, 56, I) be an (r, A)-design with v points anci B blocks. x resolution of 
D is a partition {Se,, . . . ,5B,} of 58 in classes 481 such that any point of D is incident 
with a constant number pi >O of blocks of the class Oi (i E (1, . . . , c}). The 
positive integers pl, . . . , pc are called the parameters of the resolution 
(3 ,, . . . , a,}. If D is resolvable with p1 = * - a = pc = p, then D is said to be 
p-resolvable. 
The most interesting (r, A&designs are the 2-(u, k, A) block designs, which can 
be defined as those (r, A)-designs in which any block is incident with the same 
number k of points. Resolutions of block designs have been thoroughly investi- 
gated. In this paper, we shall mainly deal with the following generalization of a 
theorem due to Hughes and Piper [2]: 
Theorem 1. Denote by D an (r, Al&sign wit!z a resolution {B,, . . . ) 46,). .lf 21 is the 
number of points and b the number of blocks of 0, then b + 1 Z= v+ c. Equality holds 
if and only if there exist integers ~ii such that any IWO distinct blocks B and @ wirh 
B ES+ and CE%$ intersect in exactly pij points (i, j E {l, . . . , c}). 
Resolvable (r, A)-designs with b + 1= II + c are called strongly resolvable. In 
Section 2 we prove b-t- 1 zz u + c by a method which was used by Vanstone [4] for 
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the investigation of l-resolvable (r, A)-designs. In 
strongly resolvable (r, A)-designs by a similar method 
Finally, in Section 4, we show the following 
Section 3 we shall study 
as in Hughes and Piper [2]. 
‘Ilm~rem 2. Any strongly p-resoluable (r, A)-design in which no block is incident 
with move than $2) points is a strongly resolvable block design. 
This generalizes Theorem 4.2 of Vanstone [4] who proved it for p = 1. We shall 
see, however, that this theorem does not generalize to arbitrary strongly resolva- 
ble (I, h)-designs: Using symmetric block designs we corrstruct a variety of 
strongly resolvable (r, A)-designs with two block lengths, both of which are smaller 
than iv. 
2. Resolvable ( r, A )-designs 
Throughout this paper we shall use the terminology of Dembowski [l]. In 
particular, for two blocks B and C the number of points which are incident with Z3 
and C is deno?ed by [B, C]. 
Propo&Iou 1. ZfD=(b,Se,Z) . IS an (r, A)-design with o resolution {a,, . . . , a,}, 
then b+ 1 bu+c. 
Proof. Let p,, . , . , (p-. be the parameters of the resolution {a,, . . . ,a,). We 
number the points of D in some order: b=(p,, . . . , p,}. Moreover, let 
Bil, *. . 7 B;, be the blocks in the class 5Bi (i E (1, . . . , c}). 
We consider the free vector space V over /cU{iB,, , . . , a),}. Define the vectors 
Z?,, and B+ as follows: 
and 
B,i = C ps +46i (iE{l,. . .,c}. jE{l,. . . , I$)) 
P. 14 
B’ = i pisBi. 
i 1 
clearly, it suffices to show that the set 
%?+ ={B’}U{Bij 1 iC{l.. . . , c}. jE{l,. . . ,VIi)) 
spans V. (Then b+~=[48’1~)~U{93,....,~.}I=~2)+~.) 
For i~{l.....c) it holds 
i Bil;? (C P,+$Bi) 
r -1 i -= 1 p.lB,, 
m, u 
= C C Ps+mi9i=Qi C ps-i-mi$&. 
i -- 1 p.lB,, s=l 
For an arbitrary point pt of 0, let us denote by &, . l . , &,, the blocks of ai 
through pt (i ~(1,. . . , c}). It follows 
If we define the vector A4 by M = xifl ps, it follows from (1): 
CBi=P?Ii’ 2 $-~.M* 
j-1 i 
Consequently, 
C 
B-+= C &iBi=$,$$ $-M~$n 
i=l i j-1 i=l i 
Together with 
L=i$ 
i=I i 
we get 
M=; $ p 2 &;B+. 
i 1 i j-1 
Using (2) it follows with (3) that 
(3 
PcZ4, 
is a linear combination of 
(e{l,. . . , II}) is contained in 
Finally, (1) reads 
9 
elements in 9I +. Since r--A # 0, the vector p, 
the span of 48”. 
j=l 
So, according to (3), 463 is in the span of Se+ as well. 
Hence 46 + generates V. 0 
The resolution (93 1, . . . ,48,} of the (r, A)-design D is called strong, if b + 1 = u + c 
holds; D is said to be strongly resolvable, if D admits a strong resolution. 
@orollary 1. Denote by D an (I; A)-design with a strong resolution {& . . . , a,). 
Then there exist integers kl, . . . , kc such that any block of 58i is incident with exactly 
ki points (i E(1, . . . , C}). 
Prod. We use the tem~inology of the proof of Proposition I again. Define 
LJsinp the eyucltions (2) and (3) we get 
It follows that ki, is independent of j. If WC p\lt k., z II+, for u j E (I, , , , , ltli) 
M{l..... C’),. Corollary 1 is proved. q 
ThC numbers Qiq 111,. k, ;ue called the pararrrcters of the strongly resolvnhle 
(I, M-design 0. 
3. Strongly resolvable ( r, A)-designs 
hz\msitim 2. Derrote by D = (p, 3.1) a strydngly resolvable (r, A j-design with 
pamreters p,, t)Iiq k,. Then D sati$es the following condition: 
(4 There exist non -negative integers pii such that any two distinct blocks t3 and 
C with B E 3, and C E Si intersect in exactly p&ii points (i, j E (1, . . . , c}). 
Proof. Denote by {a,, . . . ,a,} the strong resolution of D. Let pl, . . . , p,, be the 
points of 0; the blocks of D are numbered in the following way: 
*, = (B,, . . . v B,,,}, 32 = (B,, + Ir . l l 0 B ,,,, +,,,h ’ ’ l . SC = wL&’ l ’ ’ 3 &I* 
Let A be the incidence matrix of D accordiuq to the above numeration. The 
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(u + c) x (b + I)-matrix Al is deft as follows: 
Since dr + c = b + 1, Al is a quradratic matrix. WC shall see that A I is non- 
singular and we shall compute the inverse of A, explicitly. In order to do this, it is 
convenient to define the following h x u-matrix a - 
Step 1, A, B, = I, where & is the following matrix: 
Namely: We compute the element di in rpsition (i, j) of ,A iB1. 
(1) i&(1 ,..., u), i=j.Then 
(2) i,jCE{u+l,..., u + c}, i = j. It follows that 
(3) i.jE{l,..., u), if j. Denote by Aei the number of blocks in the class a, 
joining the points pi and pi. Clearly, I:= 1 &ii = A. Therefore 
(Note that holds: 
(4) i,j~{v+l,. ..,u+c), ifj. In this case, obviously dj = 0. 
(5) iE{l,..., u), JE{U+l,-.., u+c}. Using piu = m,k, we get 
(6) jE{l,. . . , u), h{u+ 1,. . . , u+c}. In this case we see 
dij = 
[ 
1 
Pi -- 
r---A 
k 
U(P-- A) 3 +(mi -pi) -ki u(r-- A) = 0. 
Thus. Step 1 is proved. In particular, Al is regular and &A 1 = I. 
Step 2. The number oif points on two distinct blocks B and C depends only on 
the classes B and C 
.‘%mely: First, let 
denotes the element 
belong to. 
Bi and Bi be two distirl.ct blocks in the same class 9,. If qj 
of &A, in position (i. j 1, we get 
0 = Ci, = [ Bt, 
Therefore, [B,, Bj] is independent from the choice of Bi, Bj E 3,. 
Now denote by .Si and Bi two blocks in different classes, say Bi E 9, and 
B, E 3,. Then 
So, [& Bj] = I&/U depends only on s and t. 
Together, Proposition 2 is proved. n 
1. Denote by 13 an (I, A)-design. Suppose that there exists a purtitio~ 
(sir 1, . . . , SC} of the bbck set of 0 satisfying pmprty (*). Then any two blocks of the 
same class are incident with the same number of points. 
Rd. We denote by P?Q the number of blocks in sB~ (i E (1, . . . , c}). Let B be a 
block in the class 9,. Counting the incidences (x, X) with n IB and X# B we get 
[B](r- 1) = i mfiS +(m, - 1)~~. El 
i-l 
i#s 
Lemma 2. Let D be an (r, A)-design having a resolution (sel, _ . x ,a,} with 
parameters pl, . . . , pc sati&ing (*). Denote by k+ the number of point:j on Q block of 
3i. Then 
&i=lCi-r-tA (i E{l, . . . , c)). 
Proof. Denote by B a block in the class ai. Let p be a point on B and let q be a 
point off B. Counting in two ways the incidences (x, X) with x Z B, x # p, p IX and 
X# B (or, x Z B, q IX, respectively) it follows that 
(~-1)(A-l)=(~-l)(~i-1)+ i pibijel) 
j=l 
iti 
(or, ZC$ = CF= 1 pi&j, respectively). 
Subtracting these two equations, the assertion follows. Cl 
propositiOn 3. Let D be un (r, A)-design. Suppose that D has a resolution 
13 1, . . . ,98,} satisfying (*). Then b + 1 = v + c. 
Roof. Let p1,. . . , pc be the parameters of the resolution in question. We already 
know the following equations: 
Pii =ki-r-4-A (i41,...,4), (1) 
Wi = l?liki (i41,...,4), (2) 
f: pik =A@-l)+r. 
i=l 
(3) 
Denote by B a block of SBi. Counting the incidences (x, X) with x Z B, x E SBi and 
X# B in two ways we get 
ki (pi - 1) = (mi - l)llii- (4) 
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Hence, by (2) and (1) it follows 
l?li&i-V 
k v -= &j(Pi - 1) = (mi - ?)&i = (?7li - a,(k, -r+ A), 
Of 
mikiZ-mikiV=V(mi-l)~h-r). 
Consequently, 
i ?7ljkf-V i ??ljk,=V(X-t) i (mj-l), 
i-1 i=l i s 1 
oc, in view of (2), 
V i pjkj -Vu2 i pi = C(h -r) i (I?$ - 1). 
I -. 1 i=l i=l 
Using (3) we get 
h(v--l)+r-vr=(h-r)(b--C), or (v-l)(A-r)=(A-r)(b-c3. 
hence b+l-v+c. U 
Remark. By Propositions 1. 2, and 3, Theorem 1 is proved. 
4. Exampks 
Let (9,. . . . , $38,) be a resolution of the (r, A)-design D - (b, 58, I). The comple- 
rnenr of D wifh respect o SB, is the incidence structure D’(Se,) = (b, 58, I’), where I’ 
is defined as follows: 
pl’B @ pIB for p~j~and B&C-9,. 
pl’B e p,IB for p~j aud IS&%,. 
Lemma 3. (a) DC@,) is an (r’, A’)-design and {9,, . . . ,98,} is a resolution of 
DW,). 
W If {a,, . . . .~,} is a strong resolution of D, then it is a strong resolution of 
?‘I.#, 1 as welf. 
Prod. Let pi,. . . , pC be the parameters of the resolution {Se,, . . . , 3,) and 
denote by m, the number of blocks in SBi (i E { 1, . . . , c}). 
(a) Obviously, in D’(% ,) through any point there are exactly 9; = m, - p1 blocks 
of 3,. If A,,, is the number of blocks in sB1 which are (in D) incideni with the two 
distinct points p and q, then there are exactly ml1 -2p, + A,, blocks of 9Bl which 
are (in D’(3,) incident with p and q. Hence D’(%,) is an (m I -p1 +p2+. l l l + 
a, A + m I - 2p,)-design. Moreover, (3,) . . . , .%,} is a resolution with parameters 
n1 I --Pl,Pz,.‘-, pc. of D’(B,). 
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(b) In Dc(9BJ, any two distinct blocks of a1 intersect in exactly u -2k1 f pll 
points, while any blocks of 5& has exactly o - kg - ki + pIi points in common with 
any block of 9Bi (i ~(2, . . . , c}). 
Thus, by Theorem 1, DC@&) is strongly resolvable. Cl 
&mark. (1) The above lemma says that we must only consider strongly resolv- 
able (r, A)-designs in which for any block B it holds [B] s $t). 
(2) Lemma 3 gives us a construction method: Take a strongly resolvable 
(r, h)-design 0. (In particular, one can take a strongly resolvable block design!) 
Then the complement of D with respect o any number s GC of resolution classes 
is a strongly resolvable (8, X)-design. 
‘Eheorem 2. I& 0 be a sfrongly p-resolvable (r, A)-design. 131en 
’ (a) D has at most two distinct block lengths. 
(b) If any block has at most iv points, then D is a strongly resolvalde block 
desr,gn. 
Proof. In our situation, the equations (1), (2) and (4) of the preceding section 
imply 
k$(p-l)=(I?Ii- 1)&i = (F?Ii - 1)(/C, -r+ A) 
=n~,ki-mi(r-A)-ki+r-h=V~-k vp(r-A)-k,-tr-A, 
i 
or 
i.e. 
kfp = vpki - vp(r - A) + (r - A)ki, 
ki =$_vp+r-A*&p+r-A)2-4vp2(r-A)]. 
Thus, there are only two possible values of ki. This proves (a). 
\ 04 Since 
vp+r-A+J,v 
2p ‘2’ 
under our present assumptions, 
NOW, we shall give a general 
any block of D !E the same size. Cl 
construction method. 
Theorem 3. Let D = (h, 9, I) be a symmetric 2-(v, k, A) block design. Suppose that 
there is a non-empty subset TM of fi with the following properties: 
(a) Any block of D contains all points of ,ti~ or is incident with exactly m points 
oj M. 
(b) For any two blocks B and C of D it holds: Either B and C intersect #x++z in the 
same point set, or B and C have exactly n points of w in common. 
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Then there exists a strongly resolvable (k, A)-design with exactly M + 1 classes, 
where M denotes the number of points in ,w. 
proOf. Clearly, under conditions (a) and (b), M> m %a (otherwise all blocks 
would pass through a common point). 
We define the set 9 by 
Y={(B)n,IBE99,&(B)). 
Let 9 have exactly c - 1 elements: 9’ = {S,, . . . , SC_l}. Now we define the inci- 
dence structure D - P.M as foifows: 
The points of D - m are the points in b - HE; the blocks of D - ,m are the blocks of 
D ; the incidence relation of D - HE is induced by D. 
Since any point of the symmetric 2-(u, k, A) design D is incident with I& blocks, 
D - M is a (k, A)-design. We define a partition (Se,, . . . , a,} of 3 in the following 
natural way: 
6Bi={BIBE93,(B)fI~=Si} for iE{l,...,c-1}, 
and 
93,={B~B&9,&(B)}. 
We claim that {a,, . . . , Se,} is a strong resolution of D - ,+H. 
First of all, let us show that {a),, . . . ,5B,} is a resolution of D - 1%. For a fixed 
point p of D - tit, denote by p’ the number cf blocks through p containing M. 
Counting the incidences (x, X) with x E 3~ and p IX we get 
AM = p’M + (k - p’)m, or p’(M-m)=AM-km. 
Since M > m, p’ is independent from the choice of p. 
Now,forafixed i~{l,...,c- l}, let p be the number of blocks through p in 
the class Bi. We count the number of incidences (x, X) with x E &, p IX and 
/.V $$ (X): 
m(A-p’)=pm+(k-Q’-p)n, i.e. p(m-n)=m(X-p’)-(k-p’)n. 
Sinte m > n, p is independent from the choice of p and i ~(1, , . . , c - 1). 
‘learly, p X), since otherwise any block of’ 9 would pass through M. Next we . 
cllaim p’ > 0. (Otherwise, D - )H were a 2-(u -- A%, k .- m, A) block design with b’ = u 
blocks and r’ - k blocks through any point. This would 
k(k-m-l)=r’(k-m-l)=(u-M- 1)A 
-= (u-- 1)A -MA = k(k - I)- MA, 
ix.. MA = !w:+. Moreover, 
u = b’ - (u - A4)k/(k - m), 
or ‘4 = mu. Together we would have 
k M u .--_--_- 
A m k’ 
imply 
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i.e. uA = k”. Consequently, 
k(k-l)=(u-l)A=k*-A, 
so k = A: a contradiction9 since in a symmetric block design any two distinct 
blocks intersect in A <k points.) 
Now, let us consider the intersection numbers of 0 -w. Since D is a symmetric 
block design, any two distinct blocks intersect in exactly A points of 0. Therefore, 
Pii =A-m for iE(l,...,c-1}, 
iEc,=h-M, 
pij=A-n for i,jE(l,...,c-1} and i#j, 
clic =A-m foriE(l,...,c-1). 
Thus, the intersection numbers depend only on the classes, the blocks in 
question belong to. Therefore, by Theorem 1, D - wz is strongly resolvable. 
Since 0 -m has exactly o-M points, v blocks and c classes, by Theorem 1 it 
follows that 
u+l=t,-M+c, 
i.e., c=M+l.’ Cl 
Remark. Consider the incidence structure D(m) = (a, 9, E). If D(M) is a symmet- 
ric block design, then the conditions (a) and (b) are fulfilled. On the other hand, if 
D - .W is strongly resolvable, then D&Z) is an incidence structure in which any two 
distinct blocks intersect in a constant number of points (namely n); moreover, the 
number of points (namely M) equals the number of blocks (namely c - 1). Using 
Theorem 1.1 of Ryser [3], it follows that D(,w) is a symmetric block design or a 
so-called ‘ n -design’. 
Examples. (1) If there exists a symmetric 2-(v, k, A) block design 0, then there 
exists a strongly resolvable (k, A)-design with two resolution classes. 
For: Take as AW a l-point set. 
(2) For any prime-power q and any two integers t, d with 0 2~ t s d - 2 there 
exists a strongly resolvable (qd-l +. . l + q + 1, qdm2 + l . . + q + t),design with ex- 
actly q’+* 9 l + q + 2 resolution classes. 
Namely: Consider a projective space P of order q and dimension d. Let U be a 
t-dimensional subspace of P. Then the system D = P, _ 1( d, q) of points and 
hyperplanes of P is a symmetric block design, and U is a subset of points fulfilling 
properties (a) and (l$. Thus D -U is a strongly resolvable (r, A)-design with the 
parameters in question. 
By the method indicated in [l], 2.4.36, one can easily construct many non- 
isomorphic strongly resolvable (r, A)-designs with the above parameters. 
(3) If there exist Hadamard matrices of order Q = 2s and b = 2f, then there is a 
strongly resolvable (2st - 1, st - 1)-design with exactly a resolution classes. 
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For: Let A and B be normalized Hadamard matrices of order Q and 6, 
respectively. Consider the direct product H = A X B of A and B. It is well known 
that H is also a normalized Hadamard matrix. Moreover, as A is normalized, the 
first b rows of If consist of a copies of B. Since I3 is normalized, any column of I? 
contains ib or 6 ones. Thus, any column of H has exactly $b or b ones in the first 
6 rows. 
In other words: Let D be the block design corresponding to H, and denote by ,t10 
the set of points of D corresponding to row 2,3, . . . , b of H. Then 9~ satisfies the 
hypotheses of Theorem 3. 
We conclude with the following question: In all examples of strongly resolvable 
(r. A )-designs constructed by Theorem 3 and Lemma 3, there are at most four 
blocks lengths. Is there a number t such that any strongly resolvable (r, A)-design 
has at most t block lengths? 
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